Context. HD 209458 b is an exoplanet with an upper atmosphere undergoing blow-off escape that has mainly been studied using measurements of the Lyα absorption. Recently, high-resolution measurements of absorption in the He i triplet line at 10830 Å of several exoplanets (including HD 209458 b) have been reported, creating a new opportunity to probe escaping atmospheres. Aims. We aim to better understand the atmospheric regions of HD 209458 b from where the escape originates. Methods. We developed a 1D hydrodynamic model with spherical symmetry for the HD 209458 b thermosphere coupled with a nonlocal thermodynamic model for the population of the He i triplet state. In addition, we performed high-resolution radiative transfer calculations of synthetic spectra for the He triplet lines and compared them with the measured absorption spectrum in order to retrieve information about the atmospheric parameters.
Introduction
Close-in exoplanets receive considerable high-energy irradiation that triggers an outgoing bulk motion and expands their atmospheres. This in turn results in a very efficient mechanism for atmospheric mass loss. In some cases, the velocity reaches supersonic values that give rise to the so-called blow-off escape. This escape process is key for understanding the formation and evolution of observed (exo)planets. Lecavelier des Etangs et al. (2004) showed that such an efficient escape could lead to the loss of a significant fraction of the atmosphere in hot Jupiters, or even to a complete atmospheric loss in some hot Neptunes.
In the same vein, Locci et al. (2019) showed that the occurrence of gas giants of less than 2 M Jup in young stars is higher than in old ones. Furthermore, evaporation escape has also been invoked to explain the distribution with respect to the star-planet separation of super-Earths and mini-Neptunes (Jin & Mordasini 2018) . Observations of extended atmospheres and their modelling are therefore essential for understanding the physical conditions that trigger evaporation escape and for obtaining a deeper understanding of planetary diversity, formation, and evolution.
The first detection of an evaporating atmosphere was reported by Vidal-Madjar et al. (2003) , who observed the Lyα line in absorption in the atmosphere of HD 209458 b A&A proofs: manuscript no. final_version and concluded that the signal originated from escaping hydrogen. Subsequent studies, both theoretical (e.g., Yelle 2004; Tian et al. 2005; Penz et al. 2008; Sanz-Forcada et al. 2010 , 2011 Koskinen et al. 2013; Salz et al. 2016 ) and observational , 2004 , 2008 , 2013 Ballester et al. 2007; Ballester & Ben-Jaffel 2015; Linsky et al. 2010; Ehrenreich et al. 2008; Ben-Jaffel & Hosseini 2010; Jensen et al. 2012) , supported the prediction that the extended atmosphere of HD 209458 b can be explained by a highly effective escape. Following this thread, hydrodynamic escape models were used to explain the observations of the absorption excess in Lyα and ultraviolet (UV) in other planets, such as in HD 189733 b, WASP-12 b, GJ 436 b, GJ 3470 b, and KELT-9 b (Vidal-Madjar et al. 2013; Ehrenreich et al. 2008 Ehrenreich et al. , 2015 Lecavelier des Etangs et al. 2010 Fossati et al. 2010; Haswell et al. 2012; Bourrier & Lecavelier des Etangs 2013; Ben-Jaffel & Ballester 2013; Kulow et al. 2014; Lavie et al. 2017; Yan & Henning 2018) .
Lyα observations are restricted to space-based telescopes and are significantly affected by absorption in the interstellar medium, which leads to a scarcity of observational data. The He i 2 3 S − 2 3 P triplet, hereafter He(2 3 S), composed of three lines at 10830. 33, 10830.25, and 10829 .09 Å, is not strongly absorbed by the interstellar medium (Indriolo et al. 2009 ) and can be observed from the ground. Seager & Sasselov (2000) studied transmission spectra for close-in planets and estimated significant absorption of He(2 3 S) that could be observable, particularly when the planet has an extended atmosphere. More recently, Oklopčić & Hirata (2018) developed a model suitable for estimating He(2 3 S) absorption in extended atmospheres.
He(2 3 S) absorption was detected for the first time in the atmosphere of WASP-107 b with the Wide Field Camera 3 (WFC3) onboard the Hubble Space Telescope (Spake et al. 2018) , and almost simultaneously with the high-resolution spectrograph CARMENES (Calar Alto high-Resolution search for M dwarfs with Exoearths with Near-infrared and optical Échelle Spectrographs; Quirrenbach et al. 2016 Quirrenbach et al. , 2018 at the 3.5 m Calar Alto Telescope in the atmospheres of WASP-69 b (Nortmann et al. 2018 ), HAT-P-11 b (Allart et al. 2018) , and HD 189733 b . A few more observations were also recently performed. Thus, HAT-P-11 b data were acquired with WFC3 (Mansfield et al. 2018) , whereas CARMENES was also used to observe WASP-107 b (Allart et al. 2019) and HD 209458 b (Alonso-Floriano et al. 2019) .
In this work we analyse the new He(2 3 S) observations of HD 209458 b reported by Alonso-Floriano et al. (2019) . Based on the fact that this absorption probes the region where the escape originates, we aim at gaining a better understanding of the atmosphere of HD 209458 b and establishing tighter constraints on its mass-loss rate, temperature, and composition (e.g. the H/He ratio). To this end, we developed a 1D hydrodynamic and spherically symmetric model together with a nonlocal thermodynamic model for the He(2 3 S) state similar to that reported by Oklopčić & Hirata (2018) . The overall model computes the He(2 3 S) radial distribution that it is then entered into a high-resolution line-by-line radiative transfer model in order to compute He(2 3 S) absorption profiles. Synthetic spectra are then compared with the observed one in order to derive the properties of the escaping atmosphere. This paper is organised as follows: Sect. 2 summarises the observations and Sect. 3 describes the modelling of the He(2 3 S) radial densities and its absorption. The results, and a discussion on comparisons with previous works for the and H density, are presented in Sect. 4 . The main conclusions are summarised in Sect. 5.
Observations of He i λ10830 Å absorption
Here we briefly summarise the observations reported by Alonso-Floriano et al. (2019) of the helium excess absorption from the atmosphere of HD 209458 b using CARMENES (see Fig. 1 ). The He excess absorption peaks at a value of 0.91±0.10% at mid-transit. The core of the absorption shows a net blueshift of 1.8±1.3 km s −1 , suggesting that the helium envelope moves at that velocity, in the line of sight from the Earth with respect to the rest-frame of the planet. This velocity is rather low, similar to that reported by Snellen et al. (2010) from observations of the carbon monoxide band near 2 µm that occurs in the lower thermosphere, and suggests that the He triplet absorption takes place at relatively low altitudes (within a few planetary radii, see Sect. 4 below). Figure 1 also shows excess absorption near 10829.8 Å. Since the absorption is well above the estimated errors, it might be caused by an additional atmospheric absorption component. However, it is largely blue shifted, by around 13 km s −1 , and therefore could be due to atmospheric escape occurring beyond the thermosphere. Alonso-Floriano et al. (2019) constructed the light curve of the He i signal (see their Fig. 5 ) and obtained an average in-transit absorption of ∼0.44%, about a factor two smaller than the peak absorption. However, there is no clear evidence for pre-or post-transit absorption signals.
We assumed a one-dimensional hydrodynamic and spherically symmetric model for analysing this absorption. This simplification is justified because: 1) the bulk of the absorption takes place at relatively low radii, well below the Roche lobe height, and with rather low wind velocities; 2) there are no clear signs of asymmetry in the absorption; and 3) the light curve does not exhibit signs of pre-or post-transit absorption -for example there are no cometary-like tail features. This model also has the advantage that it is computationally very efficient with respect to 1D models that solve the energy balance equation, and is about one order of magnitude faster than the model of García-Muñoz (2007) (priv. comm.) and about two orders of magnitude faster than the model of Salz et al. (2016) . It also allows us to explore a wide range of atmospheric parameters, and yet gives reasonable density distributions (see, e.g. the comparison with the model of Salz et al. (2016) in Sect. 3.1 and Fig. 3 below) .
The analysis of the velocity shifts in the He(2 3 S) absorption is potentially interesting because it would provide us information about the 3D velocity distribution and maybe also break some of the degeneracy between temperature and mass-loss rates. Our model, as it is one dimensional and spherically symmetric, cannot explain net blue or red shifts and therefore such an analysis is beyond the scope of this paper. Nevertheless, in order to better fit the measured spectrum we assume a velocity of −1.8 km s −1 along the observational line of sight superimposed on the radial velocities of our model. In the following sections we describe the He triplet density model and the radiative absorption calculations used to constrain the characteristics of the escaping atmosphere of this planet.
Modelling of the helium triplet density and the absorption
We computed the He(2 3 S) radial density by means of a 1D hydrodynamic and spherically symmetric model (see, e.g. Yelle Alonso-Floriano et al. (2019) ). The orange dash curve is the best fit obtained for a temperature of 6000 K, a mass-loss rate (Ṁ) of 1.9 × 10 9 g s −1 , and an H/He mole-fraction ratio of 90/10 (see Sect. 4). We note that these values have changed with respect to those reported in Alonso-Floriano et al. The magenta line is a modelled absorption of the helium triplet moving along the observer's line of sight with −13 km s −1 with respect to the rest-frame of the planet and using the appropriate He(2 3 S) density to fit the measured spectrum. The cyan curve is the total modelled absorption. The positions of the three helium lines are marked by vertical dotted lines. Torres et al. (2008) 2004; Tian et al. 2005; Koskinen et al. 2013; Salz et al. 2016 ) and following the methods discussed in Oklopčić & Hirata (2018) . The hydrodynamic equations for mass and momentum conservation, for a steady-state radial atmospheric outflow are given by
and
where r is the distance from the centre of the planet; ρ and v are the mass density and bulk radial velocity of the gas, respectively; p is the gas pressure; G the gravitational constant; and M P is the planet mass (see Table 1 ). The momentum equation contains only the forces induced by the gravity of the planet and the gas pressure, neglecting other forces such as the stellar gravitational pull and fluid viscosity. We also consider the atmosphere as an ideal gas, p = ρ k T/µ, where k is Boltzmann's constant,
T is temperature, and µ is the gas mean molecular weight. The pressure gradient can then be written as
The derivative of Eq. (1) gives 1 ρ(r) 
where v s (r) = k T (r)/µ(r) 1/2 is the gas speed of sound. To solve Eq. (5) we need to incorporate the energy and species continuity equations into the system, which requires the use of computationally expensive numerical methods. Our aim is to develop a very fast hydrodynamic model in order to explore and constrain the mass-loss rate and temperatures imposed by the He(2 3 S) absorption measurements. To that end, we assume here a constant speed of sound, v s,0 , which allows us to decouple the momentum equation from the energy budget equation and obtain a simple expression for Eq. (5) that can be solved analytically. This expression is known as the isothermal Parker wind approximation, previously studied by Parker (1958) for describing stellar winds, and can be written as
However, our approach does not require temperature to be necessarily constant, but to have the same inverse altitude dependence as µ(r) so that the ratio T (r)/µ(r) is constant, i.e. v s,0 = k T (r)/µ(r) 1/2 . We obtain the constant speed of sound from v s,0 =
where we introduce a constant temperature T 0 and the corresponding average mean molecular weight µ of the gas. This quantity is calculated using Eq. (A.3), which is constructed such that it provides an accurate calculation of the integrals over velocity and radius of the hydrodynamic equations. Below we discuss (see Sect. 3.1) the validity and scope of this approach. In particular, the total density of our model closely matches that obtained by more comprehensive models when the constant speed of sound is equal to the maximum speed of sound of those models. Under these conditions, the T 0 of our model is very close to the maximum of the temperature profile obtained by those models.
Equation (6) has infinite solutions but only one has a physical interpretation in terms of escape: the transonic solution that describes a subsonic velocity of the gas at distances below the sonic point (the altitude where wind velocity is equal to the speed of sound) and supersonic beyond that point (see, e.g. Parker 1958;
A&A proofs: manuscript no. final_version Lamers & Cassinelli 1999) . Integrating Eq. (6) and selecting the solutions that cross the sonic point, we have v(r) v s,0 exp
where r s = G M P /2 v 2 s,0 is the radial distance of the sonic point. Of the two possible solutions of Eq. (8) the transonic one is the solution that provides the velocity profile of the hydrodynamic escape.
Integrating Eq.
(1) and taking into account spherical symmetry, the mass-loss rate,Ṁ, can be expressed bẏ
and including the velocity profile from Eq. (8), the density profile results in
where ρ s is the gas density at the sonic point.
The radial distribution of the species H, H + , helium singlet, hereafter He(1 1 S), He + , and He(2 3 S), are obtained by solving their respective continuity equations,
where the first term accounts for advection, f i is the fraction of species i (i.e. with respect to the total -neutral, ionised, and excited atom concentrations-of species i), P i is the production, and L i is the loss term. The production and loss terms and corresponding rates included for the different species are essentially those considered by Oklopčić & Hirata (2018) , but two additional processes have been included: the charge exchange reactions, Q He and Q He + , which were taken from Koskinen et al. (2013) ; see Table 2 .
Thus, production and loss incorporate photo-ionisation and recombination processes of atomic hydrogen (processes J H and α H in Table 2 ). For helium, these processes include photoionisation (J He 1 S and J He 3 S ), recombination (α 1 and α 3 ), collisional excitation and de-excitation with electrons (q 13 and q 31 ), collisional de-activation with H atoms (Q 31 ), charge exchange between atoms and ions (Q He and Q He + ), and the radiative relaxation of the helium triplet state (A 31 ). Double ionisation processes for helium were not considered, and we assume that the charge exchange reactions between helium and hydrogen do not significantly affect the concentration of the latter. Furthermore, we assume that the electrons produced from helium ionisation are negligible in comparison to the production from hydrogen ionisation.
The hydrogen photo-ionisation cross sections were taken from Osterbrock & Ferland (2006) and the photo-ionisation cross sections for the helium triplet and singlet states were taken from Norcross (1971) and Brown (1971) , respectively; (see Fig. 2 ). The photo-ionisation rates are calculated as usual,
and Fig. 2 . Flux density for HD 209458 at 0.04707 au (left y-axis) as calculated here (black) and for the modern Sun (solar maximum) as reported by Claire et al. (2012) and scaled up to the size of HD 209458 (orange). We note that the resolution of the two spectra is different. The H, He singlet, and He triplet ionisation cross sections (right y-axis) are also shown.
where λ min and λ max correspond to the wavelength range of photo-ionisation, τ λ (r) is the optical depth, F λ is the stellar flux density at the top of the atmosphere, and σ i (λ) and n i (r) are the absorption cross section and number density of species i (H and He), respectively.
The flux of HD 209458 in the 5-1230 Å range was calculated using a coronal model based on XMM-Newton observations of this star (Sanz-Forcada et al. 2010 , 2011 that are combined to improve their statistical significance in the spectral fit, reaching a 3.2-σ detection. No substantial variability was registered in the X-rays observations, although the number of measurements is small. The coronal 1-T model, log T (K)= 6.0 +0.3 −0.0 , log EM (cm −3 ) = 49.52 +0.22 −0.48 , L X = 6.9×10 26 erg s −1 , is complemented with line fluxes from observations with the Cosmic Origin Spectrograph onboard the Hubble Space Telescope (HST) published by France et al. (2010) in order to extend the model towards lower temperatures (log T (K)∼ 4.0-6.5). No substantial amount of emitting material is expected for higher temperatures. The XUV (5-920 Å) modelled luminosity is 1.5×10 28 erg s −1 , which is about 2.6 times higher than in Sanz-Forcada et al. (2011) . For the 1230-1700 Å range we used current observations with the Space Telescope Imaging Spectrograph taken from the HST archive 1 . At λ > 1700 Å we used the stellar atmospheric model of Castelli & Kurucz (2004) scaled to the temperature, surface gravity, and metallicity of HD 209458 (see Table 1 ). The resulting stellar flux for the spectral range 5-2600 Å at the orbital separation of the planet (0.04707 au) is shown in Fig. 2 . This flux shows several differences with respect to the solar flux (see, e.g. Claire et al. 2012; Linsky et al. 2014 ). Thus, it shows a weaker Lyα continuum but more prominent emission lines in the 600-912 Å region. Also, the continuum in the 950-1200 Å range is significantly weaker, although this is expected to have a minor effect on the He(2 3 S) population. In order to analyse the effects of these phenomena on the He(2 3 S) density we performed some tests as shown in Sect. 3.2.
Equations 8, 10, A.3, and 11 are solved iteratively until convergence is reached, ensuring a fully consistent model. As the abundances of neutral and ionised species and electrons vary with r, so does the mean molecular weight. We assume pre- set neutral gas composition of H and He (we considered H/He mole-fraction ratios of 90/10, 95/5, and 98/2). To ease the numerical convergence of the model, we select the minimum value of µ (atmosphere fully ionised in the first iteration). The ρ(r) and v(r) profiles derived from the solution of Eqs. 8 and 10 with this initial µ value enter into the system of continuity equations (Eqs. 11) to obtain the abundances of the neutral and ionised species, from which we calculated a new mean molecular weight profile, µ(r). The sequence is repeated until the µ(r) profiles in two subsequent iterations differ by less than 1%. In our model we assumed the lower boundary to be the pressure level of 1 mbar, corresponding roughly to a distance of 1.04 R P or ∼3800 km above R P =1 (R P =1 at 1 bar).
Validity of the hydrodynamic model
In order to check the validity of our constant-speed-of-sound approach, we compared our results with those obtained by Salz et al. (2016) , who solved the energy equation and did not include any assumption on temperature. For that comparison, we used the same HD 209458 b bulk parameters, mass-loss rate, H/He, and XUV stellar flux. We performed the calculations for two T 0 temperatures: (1) that obtained when considering the largest speed of sound computed by Salz et al. (2016) and the average mean molecular weight obtained in our model (Eq. 7); and (2) the maximum of the temperature profile computed by Salz et al. (2016) . Figure 3 shows these latter two temperature profiles and the one calculated by Salz et al. (2016) , as well as the corresponding total density profiles. Except for altitudes very close to the lower boundary (r<1.15 R P ), the density that we obtain with the temperature corresponding to the maximum speed of sound in Salz et al. (2016) , 8750 K, agrees with that computed by these latter authors. This result should not be surprising because for the maximum of the speed of sound, its derivative is zero and then the equations of the full model reduce to those in our model, i.e. Eq. 5 reduces to Eq. 6. The temperature T 0 = 8750 K is also close to the thermospheric maximum temperature calculated by Salz et al. (2016) . Moreover, the density obtained for the maximum of the tem- more, the temperature profile obtained in our approach, dictated by v s,max (Salz) = k T(r)/µ(r) 1/2 , is equal to T 0 = 8750 K at an altitude close to 1.6 R P , which corresponds to the location of the photo-ionisation front, that is, where most of the stellar radiation is absorbed. We also performed this comparison with two other planets, HD 189733b and GJ 3470b, which show different parameters and maximum of their temperature profiles at significantly different altitudes ). Since we obtain similar results, the input temperature to our model, T 0 , can be considered as a good proxy (within ∼10%) for the maximum temperature obtained in the hydrodynamic models that also solve the energy budget equation.
He(2 3 S) densities
Figure 4 shows several He(2 3 S) density profiles and their dependence on the mass-loss rate (upper panel) and temperature (lower panel) for an H/He ratio of 90/10. As a general trend, for a given temperature, smaller mass-loss rates give rise to higher He(2 3 S) peak densities and more compressed (narrower layers of) He(2 3 S) density profiles. Conversely, at larger mass-loss rates, the He(2 3 S) density has a broader shape and its maximum occurs at larger planetary radii. Regarding the effect of temperature, for a givenṀ, we can see that the peak of the He(2 3 S) density occurs at smaller radii for larger temperatures, whereas colder thermospheres produce higher He(2 3 S) abundances. Table 2 , left y-axis) for the case of 6000 K and a mass-loss rate of 4.2× 10 9 g s −1 . The blue line corresponds to the production by recombination and the red lines to the losses. Also shown are the concentrations of the species directly involved in the recombination (right-y axis): the electrons (in cm −3 , black solid line) and the [He + ]/[He] ratio (scaled by 5× 10 8 in cyan). An H/He ratio of 90/10 was assumed.
To understand this behaviour we analysed the production and loss terms of Eq. (11). As an example, Fig. 5 shows the production and loss terms of He(2 3 S) for a temperature of 6000 K and a mass-loss rate of 4.2× 10 9 g s −1 . The production of He(2 3 S) is dominated by the recombination of He + with electrons, α 3 , having its maximum contribution at about 1.2-1.4 R P . The electron density is mainly driven by H photo-ionisation, J H , whereas the electron productions from the photo-ionisation of He(1 1 S) and He(2 3 S) are negligible. In turn, the He + production is determined by the helium photo-ionisation, J He 1 S , and the charge exchange process, Q He ; and its losses are mainly controlled by the recombination with electrons, α 1 and α 3 , and the charge exchange process Q He + . At high altitudes, where He ionisation is very effective, the He + concentration is dominated by its photo-ionisation, J He 1 S , but at lower altitudes the photo-ionisation production and the losses by recombination with electrons determine the resulting He + profile (see Fig. 5 ). The production of He(2 3 S) by collisional excitation, q 13 , is very small, i.e. below the lower limit of the scale of Fig. 5 . We found that the inclusion of the chargeexchange processes Q He and Q He + produces a net loss of He + , which translates into a reduction of the He(2 3 S) concentration peak (∼15% for this case).
Given the importance of H photo-ionisation in the production of He(2 3 S), it can be seen that a thinner atmosphere (i.e. weakeṙ M or warmer thermosphere, see Fig.6 ) produces ionisation of H at lower altitudes and hence effectively produces He(2 3 S) at this region. In contrast, for largerṀ or colder thermospheres, the density is higher and the absorption of the stellar flux takes place mainly at higher altitudes. Additionally we observe in Fig. 4 a broader extension of [He(2 3 S)] (square brackets indicate concentration) at largerṀ, which is due to the weaker vertical gradient of the total density at higher altitudes (see Fig.6 ). For these conditions, the attenuation of the stellar flux occurs more progressively with altitude than at low altitudes where the density abruptly increases (see Fig. 6 ). In addition to this, the hotter the gas is, the more expanded and thinner the thermosphere is.
Losses of He(2 3 S) are controlled by different processes. The major loss is due to photo-ionisation, J He 3 S , at higher altitudes and the collisional deactivation with electrons, q 31a , at lower altitudes. Collisional deactivation with H, Q 31 , and advection are about one order of magnitude smaller than photo-ionisation and collisional deactivation with electrons. Overall, the helium triplet concentration is mainly controlled by the stellar flux: on the one hand, by the electron production from H photo-ionisation, which heavily depends on the stellar flux at 600-912 Å (see Fig. 2 ), and on the other hand, by the losses through photo-ionisation of He(2 3 S), which mainly depends on the stellar flux at ∼1000-2600 Å (see Fig. 2 ). Hence, the ratio of the stellar flux in these two regions, 600-912 Å and ∼ 1000 − 2600 Å, will impact the He(2 3 S) density favouring a larger He(2 3 S) density as the ratio increases.
As discussed above, we performed some tests using the solar flux scaled to the size of HD 209458 (see Fig. 2 ) for temperatures ranging from 6000 to 10000 K andṀ from 10 9 to 10 11 g s −1 . When using this flux, the production terms of He(2 3 S), i.e. the photo-ionisation rates J H and J He 1 S , change by factors of ∼0.46 and ∼2.3, respectively, while the loss term, J He 3 S , decreases by a factor of ∼0.44; overall, this produces an increase in the He(2 3 S) concentration of a factor of approximately 2.4. Different He(2 3 S) density profiles are obtained when considering different H/He ratios, mass-loss rates, or temperatures. However, the same mechanism described above applies. The helium triplet abundance is largely determined by the stellar flux via H photo-ionisation as well as by the density, which largely controls the atmospheric region where the stellar flux is fully absorbed.
Spectral absorption
The spectral absorption of the He triplet lines was calculated computing the radiative transfer following the usual transit geometry (see Fig. 7 ). The transmission, T ν (r), along the line of sight (LOS) x at a radius r over the planet reference surface for an infinitesimal field of view of the planet's atmosphere (see Fig. 7 , top) at frequency ν can be written as (see, e.g., López-Puertas & Taylor 2001, p. 64)
where k ν is the absorption coefficient of the radiative transition and n(x) is the concentration of the absorbing gas, the helium triplet state in our case, and T OA stands for the top of the atmosphere. The absorption coefficient can be expressed as k ν = K f ν , where K is the integrated absorption coefficient and f ν is the line shape. The latter is usually taken as a Lorentz, Doppler, or Voigt profile. Here, as most of the absorption comes from low-pressure regions, we assumed a Doppler profile which in general accounts for temperature and the turbulent broadening, for example
where c is the speed of light and ν 0 the central frequency of the line. The Doppler line width, α D , is given by
where v 2 turb is the turbulent velocity, and m is the mass of the atom or molecule. We note that in Eq. (15) we have included a term with v wind , the mean velocity of the gas along the line of sight (towards the observer), in order to account for possible motion of the absorbing gas. This dependence can take place either along the LOS ray pencil, x (top panel of Fig. 7) , or along the radial and azimuth dependencies of the v wind , r and φ (lower panel of Fig. 7) .
The absorption of the whole atmosphere, A ν , is obtained by integration of the absorption for the area covered by infinitesimal spherical rings of thickness dr and then integrating over all radii r and polar angles φ of the atmosphere,
where R p is the radius of the planet. We include the integration over the polar angle, φ, in order to account for potential atmospheric inhomogeneities in the density or velocity of the helium triplet state along this coordinate. The χ 2 has been scaled by 10 5 (or, equivalently, the reduced χ 2 scaled by a factor of 3.8). An H/He ratio of 90/10 was assumed. The small black dots represent the grid of models. The white curve highlights the best fitting simulations.
The absorption coefficients, K, and the frequencies, ν 0 , for the three lines from meta-stable helium levels were taken from the NIST Atomic Spectra Database (https://www.nist.gov/pml/atomic-spectra-database).
The He(2 3 S) density profiles were calculated as described above in this section. Temperature was kept constant, as given by the helium triplet density model. As most of the absorption is expected to take place at atmospheric regions below the Roche limit (see below), here we did not include the broadening of the lines due to turbulence (v turb = 0 in Eq. 15). The v wind included in the nominal calculation corresponds to the line-of-sight component of the radial velocity outflow obtained in the density model of Sect. 3.
Results and discussion
To analyse the mid-transit absorption spectra of Fig. 1 , the thermospheric model described in Sect. 3 has been run for a temperature range of 4000 K to 11500 K in steps of 125 K. The mass-loss rate interval is 10 8 g s −1 to 10 12 g s −1 in eight steps per decade. This results in a total of 2013 simulations for each set of H/He abundances.
Subsequently, we computed the spectral transmission for each of the helium triplet profiles. In these radiative transfer calculations, we included the temperature and the escape velocity profile v(r) (see Eq. 8) from the model. No turbulence term was included, as most of the absorption comes from radii below the Roche limit. Nevertheless, we performed a test for the case of Fig. 1 by including this term in the broadening of the line and found a less precise fitting; that is, the modelled line profile is wider than the measured profile.
A bulk Doppler blueshift of 1.8 km s −1 was included in the absorption calculation, as suggested by the observations. The additional absorption observed at around -13 km s −1 (the magenta curve in Fig. 1 ) has not been included in these calculations (e.g. in the computation of χ 2 , see below). The reason is that this absorption seems to emerge from very high altitudes and possibly from material already ejected by the planet, but we are inter- H/He=90/10 5500 K, 7.50x10 8 6000 K, 1.78x10 9 6500 K, 4.22x10 9 7000 K, 7.50x10 9 7500 K, 1.33x10 10 8000 K, 1.78x10 10 8500 K, 2.37x10 10 9000 K, 3.16x10 10 9500 K, 4.22x10 10 10000 K, 5.62x10 10 10500 K, 7.50x10 10 11000 K, 1.0x10 11 11500 K, 1. H/He=95/5 5000 K, 1.0x10 9 5500 K, 3.16x10 9 6000 K, 5.62x10 9 6500 K, 1.33x10 10 7000 K, 1.78x10 10 7500 K, 3.16x10 10 8000 K, 4.22x10 10 8500 K, 5.62x10 10 9000 K, 7.50x10 10 9500 K, 1.0x10 11 10000 K, 1.33x10 11 10500 K, 1.33x10 11 11000 K, 1.78x10 11 11500 K, 1. Fig. 9 . He(2 3 S) concentration profiles that best fit the measured absorption (see Figs. 8 and 12 ). Shown is a selection of the profiles along the black, cyan. and orange lines in Fig. 12 , covering the whole range of temperatures and mass-loss rates of those figures. Panels from top to bottom are for H/He ratios of 90/10, 95/5, and 98/2, respectively. ested in determining the temperature and mass-loss rates of the bulk atmosphere.
The absorption spectra were computed at a very high resolution (wavelength step of 10 −7 Å) and then convolved with the CARMENES line spread function. We performed the integration over the radius, r in Fig. 7 , from the lower boundary condition of the He triplet model (1.04 R P ) up to the Roche lobe boundary, located at 4.22 R P .
In order to analyse the extent to which absorption contributes beyond that limit, we also computed the absorption including the atmosphere extended up to 10 R P . The results show that forṀ smaller than 10 11 g s −1 the additional absorption for radii beyond that boundary is very small; in particular, forṀ of ∼3.7× 10 9 g s −1 at a temperature of 6000 K (Fig. 1) it is negligible (below 0.3%). This result is consistent with the light curve shown in Fig. 5 in Alonso-Floriano et al. (2019) which does not show signs of relevant ingress or egress absorption.
We compared the synthetic spectra to the measured one (see an example in Fig. 1 ) and calculated the χ 2 in the spectral interval of 10829.9 to 10831.5 Å (avoiding the -13 km s −1 component) for each of them. In this way, we obtained all possible pairs oḟ M and T which are compatible with the measured absorption.
The results of the χ 2 computations for H/He of 90/10, our nominal case, are shown in Fig. 8 . The white curve highlights the best-fitting simulations. According to these results, the measured absorption is consistent with pairs of (T,Ṁ) ranging from (4625 K,10 8 g s −1 ) to (11500 K, 10 11 g s −1 ). The relationship between temperature andṀ is not linear, being steeper at lower T andṀ values, and flatter at high temperatures.
In order to better understand the escaping atmosphere we plotted a selection of the He(2 3 S) densities in Fig. 9 (top panel for an H/He ratio of 90/10) that fit the observed absorption spectrum and cover the full range of temperatures andṀ. This figure shows that the majority of the He(2 3 S) profiles peak at very short distances, in the range of 1.04-1.10 R P . The few profiles with peaks at distances greater than 1.30 R P are more extended and generally correspond to higher temperatures and larger massloss rates. Another relevant feature of the atmospheres that best fit the measured absorption is that they all have a very similar averaged mean molecular weight, close to 0.69 g mole −1 . This value corresponds to a partially ionised thermosphere, between the fully ionised (μ=0.65) and the neutral (μ=1.3) thermospheres.
As the atmospheric model provides [H + ], we also analysed [H]/[H + ] for the different atmospheres that fit the observed He(2 3 S) absorption. In Fig. 10 we show the H mole fraction profiles for the same atmospheres as shown in Fig. 9 . We see that for an H/He of 90/10 (top panel) most of the atmospheres reproducing the measured He(2 3 S) absorption have a rather sharp [H]/[H + ] transition region occurring at altitudes ranging from about 1.04 to 1.09 R P . That is, the measured He(2 3 S) spectrum suggests that the atmospheric hydrogen of HD 209458 b is fully ionised at altitudes above ∼1.6 R P , which is in agreement with the mean molecular weight of ∼0.69 g mole −1 mentioned above.
Sensitivity to the H/He ratio and comparison with previous H densities
We further explored whether or not we can constrain the H concentration with the measured He(2 3 S) spectrum. The H abundance in HD 209458 b has been derived from Lyα absorption measurements in several studies (see, e.g. García-Muñoz 2007; Koskinen et al. 2013; Salz et al. 2016) . We then compared our derived H density from the He(2 3 S) fit with the ones reported in these latter studies. We found that, in general, our derived H densities for the usual H/He ratio of 90/10 (see Fig. 11 , top panel) are significantly lower at all altitudes. This prompts us to consider other H/He densities in order to ascertain whether or not they can explain these discrepancies. Therefore, we repeated all the calculations above for the larger H/He ratios of 95/5 and 98/2. There are several processes that could lead to a larger H/He than the canonical value of 90/10. For example, as He is not chemically active, depending on the location of the He homopause, its abundance can be lower than its canonical value at lower al- Fig. 10 . Range of the hydrogen molar fraction profiles resulting from the fit of the measured absorption (see Figs. 8 and 12) for three H/He ratios, covering the whole temperature and mass-loss rate ranges of those figures. The solid thicker lines are the mean profiles. titudes due to diffusive separation (see, Fig. 14 Moses et al. 2005) . Another possible process of depletion He in the upper atmosphere of a giant planet is the He sequestration in the interior of the planet due to the formation of an H-He immiscibility layer (Salpeter 1973; Stevenson 1975 Stevenson , 1980 Wilson & Militzer 2010) .
The most noticeable effect of increasing the H fraction (and thus decreasing the He abundance) is a global decrease of the thermospheric mass density. Therefore the thermosphere is lighter and, for given conditions of temperature and massloss rate, it is more expanded. Figure 13 (top panel) shows the Fig. 11 . Range of the neutral hydrogen concentration profiles resulting from the fit of the measured absorption (see Figs. 8 and 12) for three H/He ratios, covering the whole temperature and mass-loss rate ranges of those figures. The solid thicker lines are the mean profiles. The H density derived from Lyα measurements reported by , Koskinen et al. (2013) , and Salz et al. (2016) is also shown. change in the HD 209458 b density when assuming an H/He ratio of 95/5. Here we observe large changes in the density of close to two orders of magnitude for lower temperatures at low distances. The H density also shows large decreases (Fig. 13,  middle panel) , following the total density very closely. We also see the effects of absorption of the stellar radiation mainly for lower temperatures; that is, a change in the slope of the H den- Fig. 12 . Lines corresponding to the (T,Ṁ) pairs of the model that best fit the helium triplet absorption as measured by CARMENES. The black curve shows the results for an H/He ratio of 90/10 (e.g. white curve in Fig. 8) . The cyan and orange lines correspond to the best fit obtained when assuming H/He ratios of 95/5 and 98/2, respectively. sity ratio at distances close to 1, 2, 3, and 4.5 R P (forṀ of 10 9 to 10 12 g s −1 ) in response to the penetration of radiation to deeper altitudes for smaller H/He ratios.
As a consequence of the lower total density, and lower H density, for a larger H/He ratio, the helium triplet density also mainly follows the behaviour of H, and therefore we generally obtain smaller He(2 3 S) densities (Fig. 13, bottom panel) . It is also worth noting that the peak of the He(2 3 S) density moves to slightly lower altitudes for larger H/He. Regarding the (Ṁ, T) relationship, this curve moves to colder temperatures and larger mass-loss rates for higher H/He (see Fig. 12 ), which is the consequence of a smaller He(2 3 S) density. In order to fit the measured spectrum we need to lower T or increaseṀ in order to increase the He(2 3 S) concentration (see Fig. 4 ). For the relatively high H/He ratio of 98/2, the measured spectrum implies relatively low temperatures and high mass-loss rates. Figure 9 (middle and bottom panels) shows the He(2 3 S) densities for the higher H/He of 95/5 and 98/2. In comparison to the result obtained for the commonly used H/He ratio of 90/10, the concentrations peak at generally lower values. These peaks are located at larger radii, and the profile shapes are wider. The chosen H/He ratio used in the fitting of the He(2 3 S) absorption also dictates the ionisation level of the atmosphere. Figure 10 shows that the atmosphere of HD 209458 b is ionised at higher altitudes for larger H/He. By inspecting the results obtained for the H density for the three H/He ratios considered here (see Fig. 11 ), it seems that the derived H densities that agree better with those derived from previous Lyα measurements correspond to the 98/2 ratio (lower panel). 
Comparisons of temperatures and mass-loss rates to those of previous works
Several models with different approaches and assumptions have been developed for studying the processes that drive the escape in HD 209458 b. A summary is listed in Table 3 for comparison.
Before discussing them, we should recall that our mass-loss rates refer to the total mass of hydrogen and helium, and that they were computed at the substellar location instead of the globally averaged values reported by some authors, the latter being four times smaller. When necessary, we translate globally averaged to substellar values. One of the approaches for escape modelling is to consider a particle model, which focuses on the exosphere or the unbound region. With the aim of interpreting HD 209458 b observations of H i Lyα, Vidal-Madjar et al. (2003) built a particle model where the atmosphere is composed of atomic hydrogen only. These latter authors considered the stellar radiation pressure and the planetary and stellar gravity. Thereby, they determined a lower limit for the substellar mass-loss rate of 0.4 × 10 11 g s −1 . This value, when compared to those derived here (we consider that our case of an H/He ratio of 98/2 gives the better overall agreement for the He(2 3 S) and Lyα absorption; see Fig. 12 , orange curve) would implies a temperature of about 7000 K, which seems plausible although generally lower than those calculated in different models (e.g. Salz et al. 2016) . Higher temperatures lead to stronger mass-loss rates, which is consistent with Vidal-Madjar et al. since they provide a lower limit.
Similarly, Bourrier & Lecavelier des Etangs (2013) developed a 3D model for an atomic hydrogen exosphere including stellar radiation pressure. These latter authors suggested a substellar mass-loss rate range of (0.04 -4.0) × 10 11 g s −1 . This wide range of mass-loss rates is compatible with our results but does not significantly constrain the temperature range because, according to Fig. 12 (orange curve), the temperature varies in a wide range: 5125-11500 K.
Other studies using hydrodynamic models have focused on thermospheric rather than exospheric simulations. In these approaches, several 1D models with spherical geometry have been developed. For example, Tian et al. (2005) , in their case for an atmosphere of atomic hydrogen and a heating efficiency of η = 0.6, predicted a maximum substellar mass-loss rate of 2.4 × 10 11 g s −1 for a temperature profile that grows monotonously with altitude from 800 K at 1 R P to ∼20000 K at 3 R P . For this mass-loss rate, we derive from Fig. 12 a temperature close to 10500 K, which is significantly lower than most of the values predicted by Tian et al. (2005) . Nevertheless, Shematovich et al. (2014) concluded (see discussion below) that heating efficiencies smaller than 0.2 probably yield more accurate mass-loss rates. Thus, the results from Tian et al. (2005) probably represent an overestimation of temperature.
Also, using atomic hydrogen thermospheric models and assuming heating efficiencies of 0.6 and 0.1, Penz et al. (2008) estimated substellar mass-loss rates of 1.4 × 10 11 and 0.52 × 10 11 g s −1 , and maximum temperatures of 9500 K and 6300 K located near 1.5 R P , respectively. For these mass-loss rates, we derive from Fig. 12 temperatures close to 9100 K (for their η = 0.6), and of 7200 K (for their η = 0.1), which is comparable for η=0.6 but slightly higher than that of the latter authors for η=0.1. We note, however, that they include only hydrogen. Thus, if we were to consider a lower He abundance in our analysis, our results would be in better agreement with theirs. studied the hydrodynamic escape of HD 209458 b for different atmospheric compositions. The most relevant case is that with a complete chemical scheme (H, He, C, O, N and D) and an H/He ratio of ≈91/9 (his DIV1 case), for which this latter author estimated a mass-loss rate of 5.0 × 10 11 g s −1 . Furthermore, the maximum temperature found by this latter author is 12500 K at radii of 1.2 R P . For his massloss rate we derive from Fig. 12 (orange curve) a temperature of 11500 K or even larger, which is in good agreement with that computed by García-Muñoz.
A&A proofs: manuscript no. final_version Ranges of the photo-ionisation coefficient of H, J H profiles that fit the measured absorption (Fig. 12) for the different H/He ratios. Koskinen et al. (2013) carried out simulations for a thermosphere composed of H, He, and heavier elements (C, O, N, Si, Mg, Na, K and S). For their C2 case, which is the most representative, these latter authors obtained a mass-loss rate of 1.6 × 10 11 g s −1 with a heating efficiency of 0.44, and a maximum temperature of 12000 K at a distance of 1.5 R P . For this mass-loss rate we obtain a temperature of about 9100 K, which is significantly lower than theirs.
For an atomic hydrogen and helium thermosphere of 90/10, Salz et al. (2016) estimated a mass-loss rate of 0.74 × 10 11 g s −1 with a maximum temperature of 9100 K near 1.4 R P . For that mass-loss rate our He(2 3 S) absorption implies a temperature of about 7750 K (Fig. 12, orange curve, H/He of 98/2), which is significantly lower than the temperature of Salz et al.. It is interesting to note that Salz et al. obtained an H density that underestimates the Lyα observations. For an H/He ratio of 90/10, our H density derived from the He(2 3 S) absorption also underestimates the Lyα absorption (see top panel in Fig. 11 ). In order to fit the Lyα observations, Salz et al. supplied the required extra H using an H-only (no helium) model. In our case, to obtain a good fit to both the He triplet and Lyα absorption, we also need to decrease the H/He ratio; suggesting that a value of 98/2 could be enough.
Overall, we observe that although the ranges of mass-loss rates and temperatures in the literature are rather broad, they generally agree well with the constrainedṀ(T) curve found in this work (orange curve in Fig. 12 ). Only the values derived by Tian et al. (2005) and Koskinen et al. (2013) , both larger than ours, fall relatively far from the derived constraints.
Energy-limited escape models
Estimates of the evaporation mass-loss rate of HD 209458 b have also been obtained by using the energy-limited approximation (Watson et al. 1981; Erkaev et al. 2007; Lammer et al. 2009 ). The main assumption of this model is that the escape is limited by the F XUV , and it is useful for constraining the atmospheric mass-loss rate or the heating efficiency. With this approach, the substellar mass-loss rate,Ṁ EL , can be written aṡ
where R XUV is the atmospheric expansion radius, defined as the altitude where the optical depth is unity (Watson et al. 1981) ; . Heating efficiency derived from the He(2 3 S) absorption measurements (see Fig. 12 ) under the energy-limited escape approximation (see Eq. 18) for H/He of 90/10, 95/5, and 98/2. Dotted lines correspond to η=0.1 and 0.2. K(ξ) = 1 − 1.5 ξ + 0.5 ξ 3 is the potential energy reduction factor, with ξ = (M P /M ⋆ ) 1/3 (a/R P ). This mass-loss rate is sometimes corrected by a factor that compensates for the underestimated kinetic and thermal energy gains. Here, however, we use uncorrected values. We calculated the heating efficiency, η EL , resulting from our He(2 3 S) analysis using the aforementioned approach. To that end, we included in Eq. (18) the XUV stellar flux that we used, F XUV = 2.4× 10 3 erg cm −1 s −1 (see Sect. 3), K = 0.76, and the R XUV values resulting from the model fit to the He(2 3 S) absorption (see Fig. 14) . The resulting heating efficiencies are shown in Fig. 15 .
As discussed above, Shematovich et al. (2014) modelled the thermal-escape-related heating efficiency for HD 209458 b and concluded that η values smaller than 0.2 produce more realistic mass-loss rates. If we impose η=0.1-0.2 and use the energy limited approach, our results of Fig. 15 limit the substellar mass-loss rate to the range of (0.42 -1.00)×10 11 g s −1 (on the basis that the H/He ratio of 98/2 gives the best fit to the H density), which, together with the results of Fig. 12 , leads to a temperature range of 7125-8125 K (see Table 3 , last row).
Depending on the values used for the different parameters in Eq. (18), we find a wide range of mass-loss rate and heating efficiency estimates for HD 209458 b. For instance, Salz et al. (2016) estimated a heating efficiency of 0.21 using a mass-loss rate of 0.74×10 11 g s −1 . These values are in good agreement with those obtained in this work.
This approach has also been used to provide upper limits to the mass-loss rate, that is, when all radiation is thermalised (η = 1). Thus, Lammer et al. (2003) estimated an upper limit for the mass-loss rate of ≈ 40 ×10 11 g s −1 using a calculated expansion radius of ≈ 3 R p and assuming K = 1.0. This value is, in effect, a very high upper limit as it is much larger than those derived in this work for reasonable temperatures (<11500 K) of ∼ 4 ×10 11 g s −1 (see Fig. 12 ).
Sanz-Forcada et al. (2011) estimated an upper limit of 1.8 ×10 11 g s −1 assuming K = 0.65, R XUV equal to unity, and F XUV = 910 erg cm −1 s −1 . This upper limit agrees with our results. We note that these latter authors used a simplified value for R XUV and an F XUV flux that is 2.6 times lower than ours. 
Conclusions
We present observational constraints on the thermosphere of HD 209458 b obtained from an analysis of the midtransit He(2 3 S) spectral absorption measurements reported in Alonso-Floriano et al. (2019) . Under the assumption of an upper atmosphere in blow-off escape, we modelled its thermosphere using a 1D hydrodynamic model with spherical symmetry, coupled with a non-LTE model for the population of the He(2 3 S) state. The model provides, among other quantities, profiles of the He(2 3 S) concentrations, which were included into a radiative transfer model to calculate He(2 3 S) absorption spectra. By comparing these spectra to the measured He(2 3 S) spectrum of Alonso-Floriano et al. (2019), we constrained the mass-loss rate, temperature, He(2 3 S) densities, and the degree of ionisation in the upper atmosphere of HD 209458 b. We also compared the derived H densities with previous profiles derived from the Lyα absorption in order to further constrain the H density as well as the H/He ratio. One of the main results we found is the close relationship between mass-loss rate and temperature for a wide range of these parameters (see Fig. 8 ). Additionally, we found that this relationship changes with the assumed H/He ratio (see Fig. 12 ). For a given temperature, the lighter the atmosphere, the stronger the mass-loss rate; and, for a fixed mass-loss rate, the lighter the atmosphere, the cooler the atmosphere. The H/He degeneracy was partially constrained by comparing with previous H density derived from Lyα absorption measurements. Globally, we found that an H/He ratio of 98/2 gives a better overall fit to both the He(2 3 S) and Lyα measured absorption.
From the analysis performed for the considered ranges oḟ M=10 8 -10 12 g s −1 and temperature of 4000 K to 11500 K, we obtain the following results: (i) we find that the He(2 3 S) peak density is located in the altitude range of 1.04-1.60 R P ; (ii) we obtain an [H]/[H + ] transition altitude ranging from about 1.2 to 1.9 R P ; (iii) we obtain an effective radii of the XUV absorption in the range of 1.16-1.30 R P ; (iv) the averaged mean molecular weight of the gas ranges from 0.61 to 0.73 g mole −1 ; and (v) we find that the thermospheric H/He ratio should be larger than 90/10, the most likely value being about 98/2. Thus, the He(2 3 S) absorption spectrum significantly constrains the thermospheric structure of HD 209458 b and advances our knowledge of its escaping atmosphere. In particular, we show that the H/He ratio should be larger than 90/10, that hydrogen is almost fully ionised ([H]/[H + ] < 0.1) at altitudes above 2.9 R P , and that He(2 3 S) is accumulated at low thermospheric altitudes.
Comparing our results with previous works we find that, overall, they generally agree well with the constrainedṀ(T) curve found in this work (orange curve in Fig. 12 ). Only the values derived by Tian et al. (2005) and Koskinen et al. (2013) , both larger than ours, fall relatively far from the derived constraints.
Assuming the energy-limited approach, we derive the heating efficiency as a function of the mass-loss rate (see Fig. 15 ). If we additionally assume the heating efficiency range of 0.1-0.2 derived from the detailed study of Shematovich et al. (2014) , we conclude that the most probable substellar total mass-loss rate is in the range of (0.42-1.00)×10 11 g s −1 , and that the temperature ranges from 7125 to 8125 K.
Our model, as it is inherently limited by its one dimension and spherical symmetry, cannot explain any net (either blue or red) shifts. Future work on the analysis of the observed net blueshift components and on possible cometary outflows with 3D modelling is encouraged.
